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Abstract When both Hamiltonian operators of a bi-Hamiltonian system are 
pure differential operators, we show that the generalized Kupershmidt defor- 
mation (GKD) developed from the Kupershmidt deformation in [TU] offers an 
useful way to construct new integrable system starting from the bi-Hamiltonian 
system. We construct some new integrable systems by means of the generalized 
Kupershmidt deformation in the cases of Harry Dym hierarchy classical Boussi- 
nesq hierarchy and coupled KdV hierarchy. We show that the GKD of Harry 
Dym equation, GKD of classical Boussincsq equation and GKD of coupled KdV 
equation are equivalent to the new integrable Rosochatius deformations of these 
soliton equations with self-consistent sources. We present the Lax Pair for these 
new systems. Therefore the generalized Kupershmidt deformation provides a 
new way to construct new integrable systems from bi-Hamiltonian systems and 
also offers a new approach to obtain the Rosochatius deformation of soliton 
equation with self-consistent sources. 
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1 Introduction 



In recent years the intcgrablc deformations of soliton hierarchies attracted a lot 
of attention. Among them, the Rosochatius deformations of integrable systems 
have important physical applications [TJ-JB]. Wojciechowski and Kubo et al. re- 
searched the Rosochatius deformed Gamier system and Rosochatius deformed 
Jacobi system, respectively [TJ [2]. Zhou generalize the Rosochatius method to 
study the integrable Rosochatius deformations of some explicit constrained flows 
of soliton equations [3J 2] . In [51 [B] , we proposed a systematic method to gen- 
eralize the integrable Rosochatius deformations of finite-dimensional integrable 
systems to integrable Rosochatius deformations of soliton equations with self- 
consistent sources. 

On another hand it is known that one can construct a new integrable sys- 
tem starting from a bi-Hamiltonian system. Fuchssteiner and Fokas showed [7] 
that compatible symplectic structures lead in natural way to hereditary sym- 
metries, which provides a method to construct a hierarchy of exactly solvable 
evolution equations. Olver and Rosenau [8] demonstrated that most integrable 
bi-Hamiltonian systems are governed by a compatible trio of Hamiltonian struc- 
tures, and their recombination leads to integrable hierarchies of nonlinear equa- 
tions. 

For the following KdV6 equation or nonholonomic deformation of KdV equa- 
tion 

u t = u xxx + 6uu x - ui x , (la) 
u xxx + Aulo x + 2u x us = 0, (lb) 

many authors studied it and established a lot of integrable properties such as 
zero-curvature representation, bi-Hamiltonian structure, conversed quantities, 
multisolitons and so on[T0]-[15]. In particular, Kupcrshmidt found [10] that |T]) 
can be converted into 

ST TT 

u t = J(V 2 ) - ■%)> (2a) 
ou 

K(w) = 0, (2b) 

where 

J = d = d x , K = d 3 + 2{ud + du) (3) 

are the two standard Hamiltonian operators of the KdV hierarchy and H3 = 

2 

u 3 — ^f. In general, for a bi-Hamiltonian system 

rl 5H n+ i ,SH n 
Wt " = J( — ) = A( ^ } ' (4) 
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the ansatz @ provides a nonholonomic deformation of bi-Hamiltonian systems [TO]: 

= (5) 

which is called as Kupcrshmidt deformation of bi-Hamiltonian systems. This 
deformation is conjectured to preserve integrability and the conjecture is verified 
in a few representative cases in |10j . In |llj-[13). the nonholonomic deformations 
of mKdV equation, DNLS equation and KdV-typc equations were studied. In 
|14j . Zhou constructed the mixed soliton hierarchy and show that the nonholo- 
nomic deformation of soliton equations are some special numbers of the mixed 
soliton hierarchy. 

In [TS] , we showed that the Kupcrshmidt deformation of KdV equation is 
equivalent to the Rosochatius deformation of KdV equation with self-consistent 
sources, and presented the bi-Hamiltonian structure for the Kupcrshmidt de- 
formation ([2]). The conjecture is then proved in |16j that the Kupcrshmidt 
deformation of a bi-Hamiltonian system is itself bi-Hamiltonian. Based on the 
Kupcrshmidt deformation ([5]), we proposed the generalized Kupershmidt de- 
formation for integrable bi-Hamiltonian systems in [17] . which provides a new 
way to construct new integrable system from a bi-Hamiltonian system. Also 
we made the conjecture that the generalized Kupcrshmidt deformation for in- 
tegrable bi-Hamiltonian systems preserves integrability. 

In present paper, when both Hamiltonian operators of bi-Hamiltonian sys- 
tem are pure differential operators, we show that the generalized Kupcrshmidt 
deformation (GKD) offers an useful way to construct new integrable systems 
starting from bi-Hamiltonian systems. By means of the generalized Kupersh- 
midt deformation (GKD), we construct some new systems from some integrable 
bi-Hamiltonian systems in the cases of Harry Dym hierarchy, classical Boussi- 
nesq hierarchy and coupled KdV hierarchy. Then we show that these new sys- 
tems can be converted into the Rosochatius deformation of soliton equations 
with self-consistent sources, and their Lax pair can be found by using the method 
in [5J [SJ [T5] . This indicates that the generalized Kupcrshmidt deformation is 
equivalent to integrable Rosochatius deformation of soliton equations with self- 
consistent sources. Therefore the conjecture on integrability of the generalized 
Kupcrshmidt deformation is verified in these cases. This implies that the gen- 
eralized Kupershmidt deformation provides a new way to construct new inte- 
grable systems from bi-Hamiltonian systems and also offers a new approach to 
construct the Rosochatius deformation of soliton equations with self-consistent 
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sources in a different way from the method proposed in [5J |B] . However it re- 
mains to study how to construct new integrable system from the bi-Hamiltonian 
systems in which the Hamiltonian operators are not pure differential operators, 
for example in the case of mKdV hierarchy. In section 2, we construct the gen- 
eralized Kupcrshmidt deformation (GKD) of the Harry Dym hierarchy and its 
Lax pair. We show that the GKD of Harry Dym equation is equivalent to the 
integrable Rosochatius deformation of Harry Dym equation with self-consistent 
sources. Section 3 is devoted to convert the GKD of classical Boussinesq equa- 
tion into the integrable Rosochatius deformation of classical Boussinesq equation 
with self-consistent sources and present its Lax pair. Section 4 treats the GKD 
of coupled KdV equation, the new coupled KdV equation with self-consistent 
sources and it's Lax pair are obtained. The last section presents the conclusion. 



2 The generalized Kupershmidt deformation of 
Harry Dym hierarchy 

Consider a hierarchy of soliton equations with bi-Hamiltonian structure 

T ,5H n+ i T^f^H n 

Ut - = J{ ^r ) = K ^ (6) 

where J and K are two standard Hamiltonian operators. The associated spectral 
problem reads 

14 = \<f>. (7) 
Assume that for N distinct real eigenvalues Aj , we have 

Lipj = Xjifj, j = 1,2, ••• ,N, 

and 

£-'<«>■ 

Based on the Kupershmidt deformation (5), we first generalize Kupershmidt 
deformation as follows 

m N 

^ = J (^ ti )- J (E^)' ( 8a ) 

J - HiK){Wi) = 0, j = 1, 2, • • • , N, (8b) 

where 7j and /ij are constants, which also gives to nonholonomic deformation of 
bi-Hamiltonian systems ([5]) similar to the integrable KdV6's type of noholonomic 



4 



deformation of soliton equations. Furthermore, observe that u>j in (8a) is at the 
same position as S and the eigenvalues Xj are also the conserved quantity 
for ^ as H n , it is reasonable to take uij = and this setting is compatible 
with (8b). So we finally propose the generalized Kupershmidt deformation for 
a bi-Hamiltonian systems in [T7] as follows 

T/ SH n+ i tt-^ 5Xj 

( 7j J-» j K)(^) = 0, j = l,2,'--,N. (9b) 

This deformation is also conjectured to preserve intcgrability and the conjecture 
is verified in a few representative cases in |17j . In present paper, for some 
other specific cases, we will further show that (j9|) gives rise to the Rosochatius 
deformation of soliton equation with self-consistent sources or soliton equation 
with self-consistent sources. Following the procedure in [5,6,19], it is easy to 
find the Lax representation for the Rosochatius deformation of soliton equation 
with self-consistent sources, which implies the integrability of the Rosochatius 
deformation of soliton equation with self-consistent sources or the integrability 
of the generalized Kupershmidt deformation of soliton equation. 
We now consider the eigenvalue problem[19] 




-"{*.)' 17 = u »)■ 

the associated Harry Dym hierarchy reads [20] 

T ,5H n+ i ,SH n 

where J = d 3 and K = ud + du are two standard Hamiltonian operators, Hq = 
— / udx, H-i = j'2u^dx, H-2 = j \ \u~iu^,dx, Hs = J j^{^u~^u^, — 

When n = — 2, (fTTj) gives the Harry Dym equation 

ut = (u~i) xxx . (12) 
Assume that for N distinct real Xj, we have 




1 

XjU 




(13) 



Its easy to find that 



^ = -A^?,. (14) 



Su 
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Take jj = 1, /ij = hXj, (j = 1, • • • ,N) and n = —2, the generalized 
Kupershmidt deformation (|8|) gives rise to the following new generalized Harry 
Dym equation 

N 

u t = ( u 2 )xxx ~ ^ ] bJjxxx i (15a) 

3=1 

Wjaxx - Xjuojjx - -XjUxUJj = 0, j = 1, 2, • • ■ , iV. (15b) 
By replacing by (fT4)) . (15b) yields 

tplj(lpljxx ~ XjU1pij) x + 3lpij x (lpij xx - XjUlpij) = 0, 

which immediately leads to 

fpljxx ~ XjUlpij = 

where fj,j, j = 1,2, ••• ,N are integral constants. Therefore © gives rise to 
the following new generalized Kupershmidt deformation of Harry Dym equa- 
tion(GKDHDE) 

N 

u t = (u~^) xxx +y^ J X j (ipl i ) xxx , (16a) 



j'=i 



i>Uxx + {u- X 3 )i>u = j = 1,2, • • • ,N (16b) 

which can be regarded as the Rosochatius deformation of Harry Dym equation 
with self-consistent sources (RD-HDESCS). When fXj = 0, j = 1,-- • ,N, (fTB"]) 
reduces to the Harry Dym equation with self-consistent sources(HDESCS). In 
the following, we derive the Lax pair for p^|) . Fist we derive the Lax pair for 
HDESCS. 

Setting ipi = ip, tp2x = Xuipi and comparing to the Harry Dym equation, 
we can assume the Lax representation of the HDESCS has the form 

4>xx = Xuij), (17a) 

V>t = --5^ + £Vx, (17b) 

N , , , > N 

B = -2u-H + £ + Y: Mfa), (17c) 

3=1 J 3=1 

where f{ipj) is undetermined function of ipj. The compatibility condition of 
(fTTa|) and (|17b|) gives 

u t X = LB + (2B x u + Bu x )X, (18) 



6 



where L = -hd 3 . Then ([T7c|) and {H]) yields 



jv _ j g 2 



3 = 1 
N 

1 ^ ^ // 1 / 1 / / 

+\ju x (f- -tpjf')] ft [- 2 w^jV'ix/ - ^u x ipjf' - -uip jx f +2uip jx f +u x f]\ 
i=i 

W 3 „ 1 , 1 

+5^[/%Aj(--V'iV'i!E/ --jU^if -^MJyx.! )+2u\jajipja;f +\ j a J u x f] 

3 = 1 

(19) 

Here /' denotes the partial derivative of the function / with respect to the 
variable i/'j- In order to determine /, ay and /3j, we compare the coefficients 
of \_ \ . ) A and A , respectively. We first observe the coefficients of x \ . The 
coefficients of tp 3 x gives 

/"' = 0, (20) 



The coefficients of ipj X gives 



The other terms gives 



/' i>j - /' = 0, (21) 



\f*i - / = 0. (22) 

From ipO]). {2TJ and {25]) we obtain / = V|- Substituting / = ip? into the 
coefficients of A gives 

N 

u t = (u~*) xxx + ^2 fij(Auil>jil>j X + u x ^). 

3 = 1 

Comparing with the HDESCS we can determine 

ft = -2A, 2 . 

Substituting f = ip? and j3j = — 2A| into the coefficients of A gives 

N 

^][(2Af + Xja^iiutpjip^ + u x tf)} = 

3 = 1 



which gives 



a 3 = - 2A |- 
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Thus we obtained the Lax pair of the HDESCS 

tpxx = Xuip, (23a) 

3=1 3=1 

N N A 2 ,2 

+ (-2u~i\+ 2 ]T + 2 E 73*7^*' ( 23b ) 

3=1 3=1 3 

which equivalent to (fTTJI) and 

[til = V ( tl J ' ^ = ^ = ^ (24) 



with 



2 A — 2it 2 A i / 



7= -2"»" ^ ^ +2V 

y -2u^A 2 - \{u xx u - §u 2 )w^ A iita.it - 1 A y ^ \ u ^ij^j^ ® 



A 2 A / Vij^j -V" 



1.7 



— [ A - A J V -i>l3^3 J 

Finally, as proposed in [5J |B], the above formula induces the Lax pair (10) 
and (24) for RD-HDESCS (JTSJ) with 

^ -2 U 3A 2 -i( Mxx u-|u2) u -fA l^u-iA y ^ y uipfjXjX Oj 



y> A|A / Vi^ 2j 



3 The generalized Kupershmidt deformation of 
the classical Boussinesq hierarchy 

For the classical Boussinesq eigenvalue problem [5T| 



Vr \ =u fh. \ u= 1 

fa J U 2 ' I -A 2 + A« + u -iw 2 



the associated classical Boussinesq hierarchy reads 



«| t ( b„+i 



<5ff„+i \ / sh„ 



i =J[ , "T fc = J «w = i M & 
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where 

J= ( 2d) K= (-& 

dv 2d 






2d ) 




I 2d 


o J 





— ^d 3 + ud + du vd 



( K+2 


H 




\ b n +l 




b n ) 



L = 



v - \d~ x v x -\d 2 - \d-\u - \v 2 ) x + u-\v 2 



1 

b = bi = 0, b 2 = 2, n=l,2,--- 
For TV distinct real Xj, from the spectral problem 

4>ljx = 1p2j, 1p2jx = (~A| + XjV + u - - 

we have 



When take jj = —Xj, [ij = — 1, and n = 4, the generalized Kupershmidt 
deformation ([8]) gives rise to the following new generalized classical Boussinesq 
equation 



XX 



3 1 3 2 3 

= -^vv xxx - -u xxx + -v u x + 3uvv x + 3uu x - -v x v 

N 

-2^ui ljx , (27a) 
3=1 

1 3 N 

v t = --v xxx + 3vu x + t^ 2 v x + 3uv x - 2^u 2 jx, (27b) 

3=1 

- yUijxxx + 2uui jx + u x u)!j + vuj 2j x - 2XjUi2jx = 0, (27c) 

v x 0Jij + vu) ljx + 2oj 2 jx - 2XjU) ljx = 0, j = 1, 2, • ■ • , iV. (27d) 

The generalized Kupershmidt deformation of the classical Boussinesq hierarchy 
is constructed from ([9]) as follows 



u 

V 



J ( -E & )> ( 28a ) 

V Sv ) j = l \ Sv / 



SX 

(K-XjJ) I s % ] =0, j = l,2,---,N. (28b) 



Sv 



By substituting ([2^]). (|28b| yield 

ipij{i>2jxx - u^ij - AjW^ij + T^Vij + ^ 2 ji'i])x 
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1 .2. 



+3lpij x (lp2jxx ~ Utplj ~ XjVlpij + -V Ipij + Xjlplj) = 0, 

which leads to 



Take n = 4, the generalized Kupershmidt deformation of classical Boussinesq 
equation (f2"5| gives rise to the following new system 

N 

~ y^C-^Aj-^ij-^ij-a + U^Vlj + 2«Vlj^lj»)) ( 29a ) 
3=1 

1 3 N 

V* = — g^xa; + SuWa; + + 3 ™ x + 4 51 ^Ij^ljx , (29b) 

3=1 

ip2 3 xx = (-A ■ + \jv + u- ^v 2 )^ + j = 1, 2, • • • ,N (29c) 



which is regarded as the Rosochatius deformation of classical Boussinesq equa- 
tion with self-consistent sources. Following the procedure in [5j[6j[18], we can 
find that Eq. (|29"|) has the Lax representation (fTU)) and (|24|) with 



U 



1 

-A 2 + Xv + u - \v 2 



V 



-\v x X - \vv x - \u x 2A 2 + vX+ \v 2 + u 
F \v x X + \vv x + \u x 



\ A 1 / friihi -V> 2 



T \-T 



ft v ^ - « + a ^- ° j u a - m ^ + 4 y 

where 

F = -2X i +vX 3 +uX 2 +(-^v xx +^v 3 +2uv)X-^vl~^vv xx -^u xx +^uv 2 +u 2 -^v 

4 The generalized Kupershmidt deformation of 
the coupled KdV hierarchy 

The coupled KdV hierarchy (cKdVH) and its Backlund transformations was 
derived by Levi|22j. This hierarchy has two important features: firstly the odd 
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sub-hierarchy can be reduced to ordinary KdV hierarchy and secondly its third 
member resembles the celebrated Hirota-Satsuma system of equations j23l [24] . 
The coupled KdV eigenvalue problem reads [231 121?] 



& \ =u ( 1>i\ u= ( 4(A-^) -v 

i>2 I U 2 r I i |(a-«) 



the associated cKdVH can be written as the bi-Hamiltonian structure 

' SH n+l \ / SH n \ 



u 

V 



I, 



where 



J = 



=J\ 


( a n +i \ 




{ -Cn+l ) 


(I 











\ 5v / \ Sv 



2d d 2 + du 
—d 2 + ud dv + vd 



a n+1 \ L a n \ ( 8-hti-d d-^vd + v ] 12 

Cn+l J \ C "/ V 2 8 + U J 

ao = ^> b o = c o = 0, ai = , bi = v, c x = -1, 



For N distinct real Xj , from the spectral problem 

( V'y \ =( -U x j- u ) ~ v ) ( 

I ^ j I 1 £(Ai-u) i I 



(31) 



we have 



~M2j, ^r = -^ir (32) 



When take 7 3 = — Aj, fij = —1, and n = 3 in (8), the new generalized coupled 
KdV equation is constructed as follows 

N 

u t = u xxx ~\~ 6u x v + Quv x + 3u x + 3uu xx + 3lt W x ^ ' ^2jxj 

(33a) 

i=i 

TV 

«t = + Omm^w + 6vv x + 3u 2 v x - 3uv xx - 2J Wijxj (33b) 

i=i 

2Wlja; + W 2 jxa; + U x U} 2 j + UU) 2 j x - V-J 2 ,, = 0, (33c) 

- uijxx + uu>i jx + v x u> 2 j + 2vu 2 jx - XjUijx = 0, j = 1, 2, • • • , N. (33d) 
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The generalized Kupershmidt deformation of the cKdVH is constructed as fol- 
lows 



u 

V 



8Xj 
Su 



SH n + 1 \ 


N 


Su 
SH n + 1 


-£ 


Sv J 




] = o, j 


= 1,2 



(34b) 



\ 8v 

From ([32]) and p4bl) . we obtain 



2wlj 2 jtp2jx + ^Xj^j'ipijx = 0, (35a) 

tpljxx1p2j ~ 2tpijxtp2jx ~ ^Ij1p2jxx + U(i>ljxi>2j + 1pl 3 i>2jx) ~ V x 1p2j 
4vip2j1p2jx ~ Xj(lplj1p2jx + tpljx^j) = 0. (35b) 



(|35ap yields 



(j35bl) yields 



*hjx = i/>ij + - u)ihj + 3 = 1, 2, • • • , N. (36) 



[i>2j(lpljx + ^(Aj - U)^lj) + U^2j]a + C^j^ L ) x + 2lpljx(i>2jx ~ ^r~) 
^ 1p2j W2j 

+ 1p2jx(2vip 2 j + Ulpij + Xjlplj) = 0. (37) 

In order to keep (|37|) hold, we find that fij(j — 1, ■ ■ ■ , N) equal zero. So (|34h>|) 
gives 

Ipljx = ~7}( x j - u )^Plj ~ v ^2j, ^2jx = ipij + ~ u)ip 2j , j = 1,2, •■• ,vV. 

Then the generalized Kupershmidt deformation of coupled KdV equation gives 
rise to the following system 

N 

u t = u xxx + 6u x v + 6uv x + 3ul + 3uu xx + 3u 2 u x + 2 ^ ip2j^2j,x, (38a) 

3=1 

AT 

«t = Uxsa; + 6iiit x ?; + 6vv x + 3u 2 v x - 3uv X x - /Ai^ij^^x, (38b) 

3=1 

Iplj.x = ~2^j ~ U )^i ~ W>23, V>23> = -013 + -"(Aj - U)i>2j, j = 1, 2, ■ • • , N, 

(38c) 
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which is called as the coupled KdV equation with self-consistent sources. Fol- 
lowing the procedure in [5] (6] [18] , we can find the Lax representation (fT0|) and 
for with 

{ 1 *(A-«)J' 

where 

A = — A 3 + vX — 4uv — v x — u xx — 3uu x — u 3 
B = v\ 2 + (uv — v x )X + 2v 2 + u 2 v — 2uv x — u x v + v xx 
C = —A 2 — uX — u x — 2v — u 2 . 



5 Conclusion 

The main purpose of this paper is to show that for the bi-Hamiltonian systems 
with both Hamiltonian operators being differential operators, the generalized 
Kupcrshmidt deformation (GKD) developed from the Kupcrshmidt deformation 
in [10] offers an useful way to construct new integrable systems starting from bi- 
Hamiltonian systems. We construct some new integrable systems by making use 
of the generalized Kupcrshmidt deformation (GKD) of bi-Hamiltonian systems 
and to verify the conjecture on the integrability of the generalized Kupershmidt 
deformation in some specific cases. We obtain the new GKD of Harry Dym 
equation, GKD of the classical Boussinesq equation and GKD of the coupled 
KdV equation. Then we show that these new systems can be converted into the 
Rosochatius deformation of soliton equation with self-consistent sources. Fur- 
thermore the Lax pairs for the Rosochatius deformation of soliton equation with 
self-consistent sources can be constructed in a systematic procedure. These im- 
ply that the generalized Kupershmidt deformation of bi-Hamiltonian systems 
provides a new way to construct new integrable systems from bi-Hamiltonian 
systems and also offers a new approach to obtain the Rosochatius deformation 
of soliton equation with self-consistent sources. However, when the Hamilto- 
nian operators are not pure differential operators, it remains to study how to 
construct new integrable systems from bi-Hamiltonian systems by using the 
generalized Kupershmidt deformation. 
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